Abstract. Let S and R be the rings of regular functions on affine algebraic varieties over a field of characteristic 0, R be embedded as a subring in S, and F : S → S be an endomorphism such that F (R) ⊂ R. Suppose that every ideal of height 1 in R generates a proper ideal in S, and the spectrum of R has no selfintersection points. We show that if F is an automorphism so is F | R : R → R. When R and S have the same transcendence degree then the fact that F | R is an automorphisms implies that F is an automorphism.
1. Introduction. In [CZ] E. Connell and J. Zweibel proved the following fact. Let k be a field of characteristic 0, S and R be isomorphic to k[x 1 , . . . , x n ], R be a subring of S, and F : S → S be an endomorphism for which F (R) ⊂ R. Then F is an automorphism iff F | R : R → R is an automorphism.
Though the result is very natural the proof is not simple and it is based to a great extend on the Zariski Main theorem. We shall study the question when an analogue of this theorem holds for a wider class of rings. If one suppose that S and R ⊂ S are the rings of regular functions on affine algebraic varieties (over k) then a similar theorem is not valid without an extra assumption. Put S = k[x, x −1 , y] and R = k [x, y] . Consider the automorphism of S that sends x, x −1 , y to x, x −1 , xy respectively. Then its restriction to R is not an automorphism though the image of R is contained in R. This counterexample is based on the fact that x is a unit in S but not in R. Meanwhile it is easy to check that under the assumption of the ConnellZweibel theorem every element of the subring which is invertible in the ambient ring must be automatically invertible in the subring. It turns out that this property is crucial in the case when R is a UFD. In a more general setting we prove Theorem A. Let S and R be affine domains over a field k of characteristic 0, R be embedded as a subring in S, and F : S → S be an endomorphism for which F (R) ⊂ R.
(i) Suppose that R is the ring of regular functions on an affine algebraic variety without selfintersection points 2 (for instance, R is integrally closed) and every ideal of height 1 in R generates a proper ideal in S. Then if F is an automorphism so is F | R : R → R.
(ii) Let S and R have the same transcendence degree. Then if F | R is an automorphism so is F .
Using the "Lefschetz principle" (e.g., see [BCW] ) one can reduce the problem to the case when k = C. Furthermore, we prefer to work with a geometrical reformulation of this theorem. More precisely, Theorem A is a consequence of Theorem B. Let X and Y be irreducible complex affine algebraic varieties. Suppose that ρ : X → Y , f : X → X, and g : Y → Y are morphisms such that ρ is dominant and the following diagram is commutative
Suppose that Y has no selfintersection points, f is an automorphism, and g is not. Then there exists a closed hypersurface D ⊂ Y such that codim Y g(D) ≥ 2 and ρ −1 (D) is empty.
(ii) Let dim Y = dim X. Then if g is an automorphism so is f .
Besides the Zariski Main Theorem [H, Ch. 5, Th. 5 .2] our other main tool follows from a remarkable theorem of Ax [A] (later rediscovered by Kawamata [I] 
)
Theorem. Let Z be a complex algebraic variety and let h : Z → Z be an injective morphism. Then h is an automorphism.
2 The absence of selfintersection points is essential. Indeed, in the example above we can replace R by its subring which consists of polynomials in k [x, y] taking the same values at points (0,0) and (1,1). This gives a counterexample to Theorem A in the presence of selfintersection points.
The idea of the proof is the following. Using the Zariski and Ax theorems we prove that if g (resp. f ) is not an automorphism under the assumption of Theorem B (i) (resp. B(ii)) then there exists a divisor D ⊂ Y (resp. E ⊂ X) such that codim Y g(D) ≥ 2 and g(D) ⊂ D (resp. codim X f (E) ≥ 2 and f (E) ⊂ E). The next argument is especially simple in the smooth equidimensional case: we show that the zero multiplicity of the Jacobians of g s • ρ and ρ • f s are different at x ∈ ρ −1 (D) (resp. x ∈ E) for some s > 0. In the non-smooth case we show that the dimensions of the images of a k-jet space at x under g s • ρ and ρ • f s are different.
It is our pleasure to thank M. Miyanishi for drawing our attention to the paper of Ax.
2. The existence of the exceptional divisor. 2.1. Replacing X and Y in diagram (1) with their normalizations X 0 and Y 0 (which are also affine) we get a commutative diagram
As Y has no selfintersection points the normalization Y 0 → Y is a homeomorphism. Hence for any divisor D ⊂ Y and its proper transform
Hence it is not difficult to prove the following. Lemma. Theorem B is true if it is true under the additional assumption that X and Y are normal.
2.2. Lemma. Let X and Y be as in diagram (1). Then (a) if f is birational so is g, (b) if dim X = dim Y and g is birational then f is birational. Proof. Consider (a). It follows from the semi-continuity theorem [H, Ch. 3, Th. 12.8 ] that the number of connected components in ρ −1 (y) is an upper semi-continuous function on Y . In particular, this number is the same for general points y ∈ Y . Denote it by n. Note that g is dominant since otherwise f is not dominant. Let k be the number of components in the preimage of a general point of y ∈ Y under g. There are n components in (ρ • f ) −1 (y) and kn components in (g • ρ) −1 (y) . By commutativity of diagram (1) we have k = 1. That is, the degree of g is 1 and g is birational. The proof of (b) is similar. 2
Corollary. Under the assumption of Theorem B f is birational iff g is birational.
2.3. By the semi-continuity theorem
Zariski open subset of ρ(X 0 ). In Theorem B (ii) we need also the Zariski open subset X 0 of X that is the largest subset such that ρ| X 0 is quasi-finite.
Lemma.
(1) Under the assumption of Theorem B (i) the restriction of g to Y 0
is an automorphism provided that Y is normal.
(2) Under the assumption of Theorem B (ii) the restriction of f to X 0 is an automorphism provided that X is normal. Proof. The the commutativity of diagram (1) implies that f (X 1 ) ⊂ X 1 in the first statement. By the Ax theorem the restriction of f to X 1 is an automorphism of X 1 whence we have the similar fact for X 0 . The commutativity of diagram (1) implies that the restriction of g to ρ(X 0 ) is a homeomorphism of ρ(X 0 ) whence (1) follows from the Zariski Main theorem. In (2) let E ⊂ X be the set of points where f is notétale. By the Zariski Main Theorem any x ∈ E is not a connected component of f −1 (f (x)), and by the commutativity of diagram (1) f In particular, can be extended to y 1 by the theorem about deleting singularities in codimension 2.
Suppose that C and D 1 are as above. In particular, the closure of g (D 1 ) is D 1 , and
. Let C 0 be the complement in the closure of g(C) to the union of the other components of D ′ that are hypersurfaces. Note that g −1 (C 0 ) is contained in D ′ 0 by the theorem about deleting singularities. Furthermore, applying this theorem again we see that that
Corollary. If g (resp. f ) is not an automorphism under the assumption of Theorem B (i) (resp. B(ii)) then there exists an exceptional divisor D with respect to g (resp. E with respect to f ). Furthermore, one can suppose that
2.5. We can already prove Theorem B in the case of smooth varieties X and Y (for simplicity we shall consider the case when X and Y are of the same dimension). Consider a holomorphic mapping h : V → U of equidimensional complex manifolds V and U and the Jacobian of this mapping in local coordinate systems at v ∈ V and u = h(v), i.e. the determinant of the Jacobi matrix. The Jacobian itself depends on the choice of these local coordinate systems but the order of its zeros at v does not. We denote this order by Jd h (v) . The following the two properties of Jd h are simple.
(α) Jd h (v) > 0 iff h is not a local embedding in a neighborhood of v; (β) if e : U → W is another holomorphic mapping of equidimensional complex manifolds then Jd e•h ≥ Jd h (v) + Jd e (u), and the equality holds in the case when either h is a local embedding at v or e is a local embedding at u.
Let the assumption of Theorem B (i) hold and D be as in Corollary 2.4.
. Since g is not a local embedding at y we see that
is bounded as Jd ρ is bounded on X. This contradiction concludes the proof of Theorem B (i) in the smooth case. The proof of Theorem B (ii) in the smooth case is similar.
3. Jets on manifolds. 3.1. In order to deal with the general case we need to consider the variety of k-jets J k (M) from the germ (C, 0) of the complex line at the origin into a complex manifold
M.
The following notation and simple facts will be used. For k ≥ l we denote by τ
This fibration admits a natural C * -action generated by the C * -action on (C, 0). The restriction of this action to any fiber generates an embedding of this fiber into a weighted projective space. Hence we can extend τ
Any holomorphic map of complex manifolds ϕ :
Another useful observation is that ϕ (k) commutes naturally with the C * -actions on J k (M) and J k (N) whence it can be extended to a holomorphic mapφ
3.2. Proposition. Let ϕ : M → N be a non-degenerate holomorphic map of complex manifolds. Let l ≥ 0 and Z 0 be an algebraic subvariety of J l (M) . Then there exists r ≥ l such that for every k ≥ r, Z = J
and
Proof. First note that we can suppose that Z 0 is irreducible (then in the nonirreducible case for every irreducible component of Z 0 one can find its own number r and take the maximum of these numbers in the statement of Lemma).
Step 1. Let us show that for every l ≥ 0 it suffices to prove the statement under the additional assumption that τ
Since we assume that Lemma is correct under the additional assumption, for every x ∈ B the number r can chosen so that we have this equality. Furthermore, by Baire's category theorem we can suppose that there exists r for which the equality holds for every x in a subset L ⊂ B which is not contained in any analytic subset of B.
can be viewed as a fiber of the natural projectionW
M from 3.1 this projection can be extended to a proper holomorphic map into B whence, by semi-continuity theorem (e.g., see [BN, Th. 2.3] 
Step 2. If Z ⊂ J x 0 (M) the fact becomes local analytic, and one can suppose that M (resp. N) coincides with the germ (C m , o m ) (resp. (C n , o n )) of a Euclidean space at the origin (of course, we put x 0 = o m ). Let (ϕ 1 , . . . , ϕ n ) be the coordinate form of a holomorphic map ϕ and let ϕ i,0 the the minor homogeneous form in the Taylor decomposition of ϕ i . We need Claim. For Z 0 ⊂ J x 0 (M) it suffices to prove the local version of Lemma in the case of homogeoneous ϕ, i.e. ϕ i = ϕ i,0 for every i and the degrees of these coordinate functions are the same number s. First note that if θ : C n → C n is a polynomial map Lemma holds for morphism ϕ provided it holds for morphism φ = θ • ϕ. The coordinate functions φ 1 , . . . , φ n of φ are elements of the algebra generated by ϕ 1 , . . . , ϕ n . These elements can be chosen so that there minor homogeneous forms are algebraically independent [M-L] . Thus we can suppose from the beginning that ϕ 1,0 , . . . , ϕ n,0 are algebraically independent (i.e. morphism ψ 0 = (ϕ 1,0 , . . . , ϕ n,0 ) is dominant). Furthermore, replacing ϕ 1 , . . . , ϕ n by their powers, we suppose that each ϕ i,0 has the same degree s. Let ξ = (ξ 1 , . . . , ξ m ) be a coordinate system on C m . Put ψ i,c = c −s ϕ i,0 (cξ) where c ∈ C * , and put
) are isomorphic for c = 0, and ψ c → ψ 0 as c → 0. This yields a surjective morphism from
) which implies the statement of the Claim and concludes Step 2.
Step 3. We shall use induction by l. Let l = 0. By Step 1 we can suppose that Z 0 consists of one element j 0 which is presented by a constant map from (C, 0) into a point x 0 ∈ M. That is, j 0 (t) = x 0 where t is a coordinate on (C, 0). By Step 2 we can suppose that M = C m , x 0 = o m , N = C n , and ϕ : C m → C n is homogeneous of degree s. If n = m then, since ϕ is dominant, it is a local analytic isomorphism at a general point x of C n . Hence for y = ϕ(x) the restriction of
In the case when m > n applying the above argument to the restrictions of ϕ to general n-dimensional submanifolds of M we can see that the restriction of
where 
where
is an epimorphism onto J k ϕ(j 0 ) (N) which proves the statement for l = 0 and concludes Step 3.
Step 4. Assume that Lemma is proven for l − 1. That is, for every
Step 1 we can suppose that τ 
. By (4), W = t s W ′′ and the statement of Lemma is equivalent to the fact that
. But this is true by the induction assumption for l − 1. 2 4. Jets on algebraic varieties. 4.1. We need an analogue of J k (M) in the case of non-smooth algebraic varieties. In the rest of the paper for every algebraic variety (resp. analytic set) Y and y ∈ Y we denote by (Y, y) the germ of Y at y in the Zariski (resp. Euclidean) topology. Let (Y, y) ֒→ (C n , o n ) be a closed embedding where o n is the origin in C n . Let t be a coordinate on (C, 0). We denote byĴ C n the set of formal jetsĵ which are n-tupleŝ j = (ĵ 1 , . . . ,ĵ n ) of formal power series in t. Its subsetĴ on C n consists ofĵ such that j i (0) = 0 for every i. We define the set of formal jetsĴ y Y of Y at y as a subset of J on C n such thatĵ ∈Ĵ y Y iff for every regular function h from the defining ideal of (Y, y) in (C n , o n ) the formal series h •ĵ is zero.
Definition. Let τ k :ĴC n → J k C n be the forgetting projection. The set of k-jets
Remark. We callĵ ∈ (τ k ) −1 (j) a formal extension of j ∈ J k C n . By Artin's theorem [P, Th. 4 .4] for j ∈ J k y Y its formal extensionĵ ∈Ĵ y Y can be chosen convergent. That is, we can treatĵ(t) as a germ of a curve in Y .
Lemma. The closure of
n is an algebraic variety, it is independent (up to an isomorphism) from the choice of a coordinate t on (C, 0) and from the choice of the closed embedding (Y, y) ֒→ (C n , o n ), and τ (t) , . . . , j n (t)) of a j ∈ J k on C n where t ∈ (C, 0) and each j i is a polynomial in t of degree at most k. We say that the multiplicity of j is m = min{s|∃l :
y Y have the similar meaning. For any h from the defining ideal of (Y, y) in (C n , o n ) consider its homogeneous decomposition
. . where h 0 is the minor homogeneous form. One can treat the tangent space of C n at o n as 1-jets. Then the reduced tangent cone C y Y consists of all 1-jets j(t) such that h 0 • j(t) = 0 for any h 0 as above. This implies.
4.4.
Let σ :C n → (C n , o n ) be the blowing-up of (C n , o n ) at o n and E be its exceptional divisor. Let (ξ 1 , . . . , ξ n ) be a coordinate system on (C n , o n ). Theñ ξ = (ξ 1 , . . . ,ξ n ) = (ξ 1 , ξ 2 /ξ 1 , . . . , ξ n /ξ 1 ) is a local coordinate system onC n . Without loss of generality we can suppose that d m dt m j 1 (0) = 0. Then (j 1 , j 2 /j 1 , . . . , j n /j 1 ) can be viewed as an n-tuple of power series so that the first (k − m) terms of every entry are well-defined. This enables us to define for l = 0, . .
n such that in this local coordinate systemξ we have θ 
Corollary. The dimension of
Proof. Let (Y, y) ֒→ (C n , o n ) andC n be as in 4.5. In particular,Ỹ can be viewed as a subvariety ofC n . Let (C s , o s ) andC s play the similar role for (Z, z). Then ϕ is a restriction of a morphism Φ : (C n , o n ) → (C s , o s ) which generates a rational map Ψ :C n − →C s such that ψ is the restriction of Ψ. Thus we can suppose that
. . ,ξ n ) (resp.ζ = (ζ 1 , . . . ,ζ s ) be a local coordinate system onC n (resp.C s ). Making linear coordinate changes we can suppose thatỹ = (1, 0, . . . , 0) in this local coordinate systemξ (resp.z = (1, 0, . . . , 0) inζ) and σ(ξ) = (ξ 1 ,ξ 2ξ1 , . . .ξ nξ1 ) (resp. δ(ζ) = (ζ 1 ,ζ 2ζ1 , . . .ζ sζ1 )). This implies that locally the coordinate form of ψ is (
where ϕ = (ϕ 1 , . . . , ϕ s ), and for every j = (j 1 , . . . , j n ) ∈ Eỹ we have
. Thus changing the coordinate t on (C, 0) we can suppose that j 1 (t) = t m . Recall that for every power series a(t) the sum of its first l terms is denoted by [a] l . Treating each j i as a polynomial of degree at most k we have θ
4.7. Let h : Y 1 → Y 2 be a morphism of algebraic varieties, y 1 ∈ Y , and y 2 = h(y 1 ). Then h generates a morphism h * : C y 1 Y 1 → C y 2 Y 2 of the reduced tangent cones at y 1 and y 2 respectively where h * is just the restriction of the induced linear map of the tangent spaces T y 1 Y 1 → T y 2 Y 2 . It is known [D, Ch. 2.5 .2] that if h is not unramified at y 1 (in particular, when it y 1 is not a connected component of h −1 (y 2 )) then the induced map of (non-reduced) tangent cones is not an embedding. We need a similar claim for reduced tangent cones.
Lemma. Let h : (Y 1 , y 1 ) → (Y 2 , y 2 ) be a morphism such that y 1 = h −1 (y 2 ) ∩ Z 1 for some irreducible analytic branch (Z 1 , y 1 ) of (Y 1 , y 1 ). Let (Z 2 , y 2 ) be the proper transform of (Z 1 , y 1 ) under h.
(1) Then h * is not an embedding.
Proof. Let Y i be a closed subvariety of C n with coordinates x 1 , . . . , x n so that y i is the origin. Consider the homotety (x 1 , . . . , x n ) → (tx 1 , . . . , tx n ) where t ∈ C * and the image of Y i in C n ≃ C n × t under it. The closure of the union of these images is a subvarietyY i of C n+1 ≃ C n × C t such that for the natural projection
., see [D, Ch. 3.6 .2]). Moreover, h generates a morphismȟ :
By the assumption for any fixed t ∈ C * the varietyẐ ) contains a curve. Let v i be the vertex of C y i Y i . Note that ϕ i (y i × t) approaches v i as t → 0. Hence by continuityȟ(Ẑ 0 1 ) = v 2 , and, therefore, h * is not an embedding. As (Z i , y i ) is an irreducible analytic branch of (Y i , y i ) it follows easily from [M, Ch. 5A ] that C y i Z i is irreducible. Hence if the closure of h * (C y 1 Z 1 ) is not a proper subvariety, it coincides with C y 2 Z 2 and, therefore, h * (C y 1 Z 1 ) generates V 2 . This implies that h * (V 1 ) = V 2 whence h * | V 1 : V 1 → V 2 is an isomorphism as dim V 1 ≤ dim V 2 . Thus the restriction of h * to C y 1 Z 1 ⊂ V 1 is an embedding contrary to (1). 2
sequence of birational morphisms of germs of algebraic varieties and g
Proof. Let V i be the subspace of T y i Y i generated by C y i Z i where (Z i , y i ) is the proper transform of (Z 1 , y 1 ) under g 1,i , i.e. g (1) Proof. Consider the union U of all irreducible germs (Z,ỹ),ỹ ∈ E Y ofỸ that do not contain an open subset of E Y . If U = ∅ then U is a proper analytic subset ofỸ of the same dimension. Hence if ν :Ỹ ν →Ỹ is normalization thenỸ ν contains at least two connected components: the proper transform U ′ of U and another component
There is a natural proper morphism fromỸ ν into the normalization Y ν of (Y, y). As (Y, y) is irreducible the preimage y ν of y in Y ν is a point. But the preimage of y ν inỸ ν is not connected (it has points in both U ′ and U ′′ ) in contradiction with the Zariski Main Theorem. 
In this case the statement follows from Lemma 4.8. In particular, Lemma is true for k = 1. We use now induction on k and inside it induction on k−m. Let s 0 = s/2+1 and for i < s 0 let S
. Thus (since n > 1) it suffices to consider jets from S 1 where
LetỸ i be the blowing-up of Y i at y i . Its exceptional divisor E i is naturally isomorphic to the base of the cone C y i Y i and g i 1 ,i 2 generates a birational map h i 1 ,i 2 : 
is the exceptional divisor of h i 1 ,i 2 . Put e i 1 ,i 2 = h li 1 ,li 2 and Z i =Ỹ * li . We get a sequence of birational morphisms Z 1 → Z 2 → . . . → Z s 1 where s 1 = (2l) k−2 l. Note that E li 1 is an exceptional divisor of e i 1 ,i 2 and, by Lemma 4.9 it meets every irreducible analytic branch (Z 5. The proof of Theorems B and A. 5.1 By Lemma 2.1 we can suppose that X and Y are normal in Theorem B. In the case when n = dim Y = 1 the result follows from the fact that a bijective morphism of smooth curves is an isomorphism. Consider n > 1. Suppose that under the assumption of Theorem B (i) f is an automorphism and g is not. By Corollary 2.4 there exists an exceptional divisor D for g. Assume x be a general point in ρ −1 (D) = ∅.
In particular, x s = f s (x) is also a general point in ρ −1 (D) . Let ψ : Y → C n be a dominant morphism. As f s is an automorphism dim(ψ 5.2. Theorem B yields Theorem A in the case of k = C. We need to reduce the general case to this one. Letk be the algebraic closure of the field k. Recall that k is a faithfully flat k-module. This means that an endomorphism ϕ : T → T of a k-algebra T is an automorphism iff the endomorphism ϕ⊗ k Idk : T ⊗ kk → T ⊗ kk is an automorphism. Thus we can replace the rings S and R in Theorem A by S ⊗ kk and R⊗ kk respectively. That is, we can suppose from the beginning that k is algebraically closed. We consider case (i) only since the other case is similar. It is equivalent to the analogue of Theorem B (i) in which X and Y are already affine algebraic varieties over k. Note that Lemmas 2.1 and 2.2 hold for every algebraically closed field whence we can suppose that Y is normal and g is birational. Hence if we assume that g is not an automorphism then a coordinate function of g −1 has a pole at a point y 0 ∈ Y . Let k ′ be the subfield of k generated by a finite number of elements which include the coordinates of y 0 in the ambient Euclidean space, the coefficients of coordinate functions of ρ, g, f and f −1 (as polynomials over k), and the coefficients of generators of the defining ideals of X and Y . Consider our varieties and morphisms over k ′ instead of k and denote the corresponding objects by X ′ , Y ′ , f ′ , g ′ , and ρ ′ . Note that g ′ is not an automorphism as y 0 ∈ Y ′ . But k ′ can be embedded as a subfield in C by the "Lefschetz principle" [BCW] . Hence theorem B (i) implies that the coordinate functions of (g ′ ) −1 cannot have a pole at y 0 . Contradiction. 2
